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Abstract 

O ' 

q-i We investigate both the "physical process" version of the first law 

^ | and the second law of black hole thermodynamics for charged and 

rotating black holes. We begin by deriving general formulas for the 
first order variation in ADM mass and angular momentum for lin- 
^ | ear perturbations off a stationary, electrovac background in terms of 

' the perturbed non-electromagnetic stress-energy, 5T a b, and the per- 

turbed charge current density, 5j a . Using these formulas, we prove 
the "physical process version" of the first law for charged, stationary 
black holes. We then investigate the generalized second law of ther- 
modynamics (GSL) for charged, stationary black holes for processes 
in which a box containing charged matter is lowered toward the black 
hole and then released (at which point the box and its contents fall 
into the black hole and/or thermalize with the "thermal atmosphere" 
surrounding the black hole). Assuming that the thermal atmosphere 
admits a local, thermodynamic description with respect to observers 
following orbits of the horizon Killing field, and assuming that the 
combined black hole/thermal atmosphere system is in a state of max- 
imum entropy at fixed mass, angular momentum, and charge, we show 
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that the total generalized entropy cannot decrease during the lower- 
ing process or in the "release process" . Consequently, the GSL always 
holds in such processes. No entropy bounds on matter are assumed to 
hold in any of our arguments. 



1 Introduction 

The close mathematical and physical connection between the laws of black 
hole physics and the laws of thermodynamics provides the main foundation 
for ideas and speculations on the nature of quantum gravity in the strong 
field regime. Many aspects of black hole thermodynamics are on a completely 
firm foundation, such as the classical laws of black hole mechanics and the 
fact that black holes radiate via the Hawking process as perfect black bodies 
(of finite size) at temperature 

where k denotes the surface gravity of the black hole (see, e.g., |TJ for a recent 
review). Nevertheless, there remain some unresolved and/or controversial 
issues in black hole thermodynamics. 

One relatively minor unresolved issue concerns the "physical process ver- 
sion" of the first law of classical black hole mechanics for charged black holes. 
Consider a linear perturbation of a stationary, electrovac black hole corre- 
sponding to taking one to another stationary, electrovac black hole. Then, 
as originally shown by Bardeen, Carter, and Hawking || (see for a gen- 
eralized version) the first order variations of the area A, mass M, angular 
momentum J, and charge Q are related by 

—kSA = 5M- Q h 5J - $ bh 5Q (2) 
8n 

where Qh denotes the angular velocity of the horizon and $bh denotes the 
electrostatic potential of the horizon (i.e., $bh = — Ai£ a , where £ a is the 
horizon Killing field). However, it also is possible to consider a "physical 
process" wherein some charged matter is thrown into an initially stationary, 
electrovac black hole. Assuming that the black hole eventually settles down 
to a final stationary state, one may calculate the change in black hole area, 
5A, using the Raychaudhuri equation and compare it with 5M, 5J, and 
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SQ. If eq.(0) were to fail, this would give rise to an inconsistency with the 
assumption that the black hole settles down to a final stationary state, and 
would thereby provide strong evidence against cosmic censorship. Conversely, 
a proof of the "physical process" version of the first law would provide support 
for cosmic censorship. 

A proof of the "physical process" version of the first law for uncharged 
black holes was given in ||. However, some difficulties arise in extending this 
proof to the charged caseQ. One of the purposes of this paper is to remedy 
these difficulties by showing that eq.(fj) holds for all physical processes. 

A crucial issue in black hole thermodynamics is the validity of the gen- 
eralized second law (GSL), which states that the total generalized entropy 
S' = S + Sbh never decreases || , where S is the ordinary entropy of matter 
outside the black hole and, in general relativity, Sbh = \A. Early arguments 
by Bekenstein for the validity of this law in quasi-static lowering processes 
required the assumption that ordinary matter must obey an entropy bound 
of the form || 

S < 2-kER (3) 

in order to prevent the box from being lowered too close to the black hole. 
An alternative resolution not requiring any entropy bounds on matter was 
given by Unruh and Wald @, taking into account the quantum buoyancy 
force of the thermal atmosphere surrounding the black hole. This analysis 
has been criticized by Bekenstein on a variety of grounds |]8|-[10|; see Jll| 



and [I2J for responses to M and 0. Recently, it has been argued that even 



stronger entropy bounds than (|^) are needed for charged and rotating black 
holes [|l3j-||l5|. These arguments have been countered for charged black holes 



by Shimomura and Mukohyama [|16 

In view of the above situation, it seems worthwhile to give a new, general 
analysis of the validity of the GSL in quasi-static lowering processes that is 
applicable to charged and rotating black holes and invokes no model depen- 
dent assumptions concerning the thermal atmosphere and the contents of the 
box, or assumptions about the size and shape of the box (other than that it 
is much smaller than the black hole but large enough that a thermodynamic 
treatment of the thermal atmosphere is adequate). In this paper we shall 
give such an analysis. Our key assumptions are as follows: 



1 We are indebted to A. Ashtekar for pointing out these difficulties to us. 
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1. The thermal atmosphere admits a suitable local thermodynamic de- 
scription with respect to observers following orbits of the horizon Killing 
field, £ a . Furthermore, the thermal atmosphere is in thermal equilib- 
rium with itself. More precisely, we cannot increase the entropy of the 
thermal atmosphere by any rearrangement of it that keeps fixed its to- 
tal mass, angular momentum, and charge, as well as other conserved 
quantities, such as the number of particles of a given species. 

2. The thermal atmosphere is in thermal equilibrium with the black hole 
at temperature eq. ([!]). More precisely, we cannot increase the total 
generalized entropy of the black hole/thermal atmosphere system by 
any rearrangement that keeps fixed the total mass, angular momentum, 
and charge of the total system. 

We consider processes in which a box containing arbitrary matter and 
charge is quasi-statically lowered toward the black hole and then "released" , 
so that the box or its contents are dropped into the black hole and/or allowed 
to thermalize with the thermal atmosphere. We will show that if the contents 
of the box are in thermal equilibrium, no decrease in the total generalized 
entropy can occur during the "lowering phase" of a quasi-static process. How- 
ever, in the "release phase", the total mass, angular momentum, and charge 
do not change. Consequently, since the black hole/thermal atmosphere sys- 
tem is assumed to have maximum generalized entropy at fixed mass, angular 
momentum, and charge, the generalized entropy cannot decrease in the "re- 
lease phase" either. 

A key ingredient in our analysis of both the "physical process" version 
of the first law and the GSL is a general formula for the variation of ADM 
mass, 5M, and angular momentum, 8 J, for perturbations of stationary or, 
respectively, axisymmetric electrovac spacetimes. In section 2, we will prove 
that these quantities are given by[| 

6M=- I t dabc (t e 5T d e + A e t e 5j d ) + [ (6Q[t\ - t ■ 0) (4) 
6J= f e dabc (ip e 5T d e + A e ip e 5 3 d ) - [ (5Q[ V ] - <p ■ 0) (5) 

is JdT, 

2 Note that for perturbations of Minkowski spacetimc (with £ taken to be a slice so 
that 9S is empty), these equations reduce to the frequently used — but seldom, if ever, 
derived! — formulas SM = — J E €d a bct e ST d e and 5 J = J s edabc ( P e ST d e . 
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Here £ is an arbitrary asymptotically flat hypersurface, possibly possessing 
an inner boundary <9£ (which may be — but need not be — the horizon of 
a black hole), 5T a i, denotes the perturbed non- electromagnetic stress-energy 
tensor, 5j a denotes the perturbed electromagnetic charge-current vector, and 
A a denotes the vector potential of the background in a gauge compatible with 
the symmetries (i.e., C t A a = in the stationary case, eq.(|), and C v A a = 
in the axisymmetric case, eq.(|5])). The quantities Q and are given by 
eqs.(|7D and @D-fl2D of section 2 below. 

In section 3, we will give a proof of the physical process version of the first 
law based on the above formulas. In section 4, we will establish properties of 
the thermal atmosphere around a black hole that follow from the assumptions 
stated above. The process of quasi-statically lowering a box filled with matter 
towards a black hole and then releasing it will be considered in section 5, 
and it will be shown that the GSL holds in such processes. Our analysis of 
the lowering process is compatible with (i.e., it does not conflict with) the 
recent analysis of Shimomura and Mukohyama ]l]J for charged, nonrotating 
black holes, but some of our arguments are quite different from theirs, and 
we also clarify and generalize some aspects of their derivation^. We make 
some concluding remarks in section 6. In particular, we give an independent 
argument that if the GSL could be violated in a quasi-static lowering and 
release process involving a black hole, then there should be a corresponding 
process involving a self-gravitating system that does not contain a black 
hole in which the ordinary second law would be violated^. Finally, in the 
Appendix we give a general derivation of the force needed to hold in place 
a box containing charged matter in a stationary (but not necessarily static) 
spacetime. 



3 In particular, in ||l6f the formula for the gravitational force on the box is not derived, 
and it is unclear at certain points whether their energy density, p, includes (or should 
include) the electromagnetic interaction energy of the charged matter with the background 
electromagnetic field. Also, a proper justification for setting the chemical potential, /x, to 
zero on the horizon of the black hole was not given. 

4 This thereby provides a response to Jl(| by showing that if the considerations of that 
paper could lead to a violation of the GSL, then they also should give rise to a violation 
of the ordinary second law. 
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2 First order variation of mass and angular 
momentum 



In this section, we first consider the general issue of calculating the first 
order variation of conserved quantities in a diffeomorphism covariant theory 
of gravity in the case where the first order perturbation is not required to 
satisfy the source free equations (except near infinity) . We will then specialize 
to the Einstein-Maxwell case and derive formulas (|J) and (|5|) above. 

Consider a diffeomorphism covariant theory in n-dimensions derived from 
a Lagrangian L, where the dynamical fields consist of a Lorentz signature 
metric g a t and other fields ip. We will follow the notational conventions of 
0, and, in particular, we will collectively refer to (g ab ,i/j) as 0. The first 
order variation of the Lagrangian can always be expressed in the form 

5L = E (<f))5(j) + d& (0,50) (6) 

where E(<p) is locally constructed out of and its derivatives and @ is locally 
constructed out of 0, 50 and their derivatives. The equations of motion then 
can be read off as 

E{4>) = (7) 

The symplectic current (n — l)-form u) is defined by 

u>(0, S X (f>, 5 2 0) = ^0(0, <5 2 0) - 5 2 0(0, ^0) (8) 

Let £ a be any smooth vector field on the spacetime. We associate to £ a 
and a Noether current (n — l)-form, defined by 

J=@(4>,C^)-C-L (9) 

where "•" denotes contraction of the vector field £ a into the first index of the 
differential form L. A simple calculation yields 

dj = -E{(j))C^ (10) 

It was proven in the Appendix of |HJ there exists an (n— 2)-form Q (called the 
Noether charge), which is locally constructed from 0, £ a and their derivatives, 
such that 

J[Q=dQ[£\+FC a (11) 
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where C a is an (n — l)-form (with an extra dual vector index) which is locally 
constructed out of the dynamical fields and is such that C a = when the 
equations of motion are satisfied. 

Now suppose that the spacetime satisfies asymptotic conditions at infin- 



ity corresponding to "case I" of |L8| and that £ a is an asymptotic symmetry. 
("Case I" of [18 1 is the case where a true Hamiltonian corresponding to every 
asymptotic symmetry exists, thereby giving rise to a conserved quantity, H^, 
associated with £ a . It includes the case of spacetimes that are asymptotically 
flat at spatial infinity in general relativity.) Let satisfy the linearized equa- 
tions of motion, 5E((f)) = 0, in a neighborhood of infinity, but not necessarily 
throughout the spacetime. Then the variation of the conserved quantity, 5H^ 



associated with £ a is given by []TJ 

6H ( = I (5Q[£]-£-e>) (12) 

J oo 

Here by "J* " we mean the following: Let £ be a hypersurface in M that 
extends smoothly to the boundary representing infinity in the unphysical 
spacetime. We perform the integral of eq.(|T2D over an (n — 2)-surface in S 
and then take the limit as this {n — 2)-surface goes to infinity along £; see 
for further details. 

Using Stokes' theorem, we may re- write eq. (|l2"l) as 



6H ( = I (8dQ£} - d{i •©))+/ {5Q[i\ - e • ©) (13) 

where <9E denotes any "interior boundary" of S (which would be empty if E 
is a slice and there are no other asymptotic regions, but we keep this term 
since we may wish to terminate £ at, e.g., the event horizon of a black hole). 
Using the identity |3[] 

5J = uj{(t>,5(t>,C^) + d^-®) (14) 

we may eliminate the term d(£ • 0) from eq . (pT3|) in favor of 5JT and oj. 

We now restrict consideration to the case where £ a is a Killing field of 
the background spacetime and is also a symmetry of any background matter 



fields ip. Then u?(0, Sep, = 0, so eq. (p~3|) becomes 



SH t = ({8dQ[Z\-8J[t-\)+ f (5Q[£]-£-0) 

= - I esc a + [ {5Q[$-t-e) (15) 
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where eq.([TT]) was used in the last step. It is worth noting that for an ar- 
bitrary perturbation, 5(f) — i.e., 5(f) need not satisfy the linearized field equa- 
tions or have any symmetries — of a solution, 0, of the equations of motion 
E(<p) = also satisfying C^(f> = 0, we have from eq. (pTTj) 



d{i a 5C a ) = d5J[i}-d 2 5Q\i] 

= (16) 

where the variation of eq.([T0|) was used in the last step, together with the 
fact that <p satisfies both E((f>) = and C^(f> = 0. Thus, provided only that 
4> satisfies the equations of motion and C^(f> — 0, the current 

a a = -^e abcd 5C bcd £ e (17) 

is always conserved, V a a a = 0, where e a bcd is the metric compatible volume 
element of the background spacetime. 

Eq. fll5|) is our desired general formula for the first order variation of con- 
served quantities. It holds for an arbitrary diffeomorphism covariant theory 
of gravity derived from a Lagrangian with an asymptotic region satisfying 
the conditions of "case I" of |Tj|, provided only that £ a is a symmetry of 
the background spacetime (i.e., C^(f> = 0) and that 5(f) satisfies the source- 
free linearized equations of motion near infinity. Note that if 5<p satisfies 
the linearized equations of motion throughout the spacetime, then 5C a = 
and the integral over £ in eq. ( Jl5| ) vanishes. If, in addition, S has no interior 



boundary — i.e., if <9£ = — then eq . ([15|) reduces to simply 5H^ = (see 



On the other hand, if 5(f> satisfies the linearized equations of motion through- 
out the spacetime but <9E is the bifurcation surface of the event horizon of a 
stationary black hole, then eq. flT5|) yields the general form of the first law of 
black hole mechanics when £ a is chosen to be the horizon Killing field (19 



0. Our eq.(|TJ) generalizes these results by allowing 5(f> to fail to satisfy the 
linearized equations except near infinity (i.e., by allowing for the presence of 
sources for Einstein's equation as well as the equations for the matter fields), 
as well as by allowing <9£ to be arbitrary. 

We now specialize to Einstein-Maxwell theory, in order to obtain explicit 
formulas for the variation of mass and angular momentum in that case. The 
Einstein-Maxwell Lagrangian is 

' (eR-eg ac g bd F ab F od ) (18) 



167T 



8 



where e is the volume element associated with the metric. Computing the 
first order variation of L, we obtain 

5L = -^-e(-G ab + 8nT^)Sg ab + ±e(V a F ab )5A b + d@ (19) 

l07T 47T 

where is the stress energy tensor of the electromagnetic field 

(TEu)ab = | FacF h c — -g ab F de F de 1 (20) 



and 



with 



Qabc{<f>,S<l>) = —e dabe v d (21) 

l07T 



v d = V b 5g db - g ce V d 5g ce - 4F d b 5A b (22) 

The (source free) Einstein-Maxwell equations can then be read off from equa- 
tion © 

G ab -STxT^ M = (23) 
V a F ab = (24) 

From (H), we find that the Noether current 3- form with respect to £ a is 
given by 

Jabc = dQ^ c + ^-e dabc {2G d e e + eF f9 F^) 



■^-e dabc F d f(CV e A f + A e V f C) (25) 



where 



Qab R — —T7^ e abc(N C £, d 



1 

16?r' 

Writing V e A b = F eb + V b A e in the last term of ( p5|) and differentiating by 
parts, we obtain 

Jabc = dQ^ + ^-e dabc (G de - 87r2^)£e - -^(e^F^ 6 ) + ^-e^A^V f F* 

57T 47T 47T 

= WW + -U^G* - 8vrT^)e e + ^e dabc A e C V f F df (26) 

S7T 47T 



where 



Qab = — T7^e afec(i V c £ — —e abcd F c A e £ e (27) 

l07T 671 

Eq.(^) is precisely of the required form (|TTD, so we may identify Q ab as the 
Noether charge, and read off C a to be given by 

C bcda = ^-e ebcd (G e a - 8vrT EMe a ) + ^e ebcd A a V f F^ (28) 

07T 47T 

Clearly, as is required, we have C a = whenever the source-free Einstein- 
Maxwell equations (^) and ([Hj) hold. When the source-free Einstein-Maxwell 
equations do not hold, we write 

87iT de = G de - 8ttT^ (29) 



Anf = V b F db (30) 

Then T ab has the interpretation of being the non- electromagnetic contribution 
to the stress energy tensor (i.e., T de = T d ^ tal — T^m) and j a is the charge- 
current of the Maxwell sources. In terms of these sources, we have 

C bcda = e ebcd (T e a +fA a ) (31) 

Now, let (g a b, A a ) be a solution of the source-free Einstein-Maxwell equa- 
tions ( |23"D and (|2|), and let (5g ab ,5A a ) be a linearized perturbation which 
satisfies the linearized Einstein-Maxwell equations with sources ST ab and 5j a . 
Then, we have 

SC bcda = e ebcd (5T\ + A a 5f) (32) 
Substituting ( |3"2"D into eq. (|ToD , we obtain the explicit formula 

5Ht = - f e ebcd (C5T e a + CA a 5f) + / (5Q[£] - £ • 0) (33) 



where Q ab is given by eq.(|27D and Q abc is given by eqs. pl]) and (0). Finally, 
choosing £ a to be an asymptotic time translation, t a , and writing M = H t , 
we obtain eq.(|J) above, whereas choosing £ a to be an asymptotic rotation, 
(p a , and writing J = —H v , we obtain eq.(^j) above. 
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3 Physical process version of the first law of 
black hole mechanics 



Consider a classical, stationary black hole solution to the Einstein-Maxwell 
equations (|23"D and fl24|) . Suppose we perturb the black hole by dropping 
in some (possibly charged) matter. If we assume that the black hole is not 
destroyed in this process and that it eventually settles down to a stationary 
final state, we can compute its change in mass and angular momentum using 
eqs.(f|) and ([5]) above. We also can compute its change in electric charge 
from the flux of charge-current through the horizon, and we can compute 
its change in area using the Raychaudhuri equation. In [[|, it was proven 
that eq.(0) above holds in the case where the unperturbed black hole has 
no electromagnetic field, as is necessary for consistency with the first law of 
black hole mechanics |2| , || . In this section, we shall generalize this "physical 
process" version of the first law to the case of charged black holes. 

Let (g a b, A a ) be a solution to the source free Einstein-Maxwell equations 
( |23| ) and ( [24]) corresponding to a stationary black hole. Let 

f ° = t a + n H <p a (34) 

denote the horizon Killing field of this black hole [Q . Let S be an asymptot- 
ically flat hypersurface which terminates on the event horizon TC of the black 
hole. We wish to consider initial data on So for a linearized perturbation 
(8g a b,8A a ) with matter sources 8T a b and 8j a (see eqs. (p9|) and ([H]) above). 
(We emphasize that 8T a b denotes the perturbation in the non- electromagnetic 
contribution to the stress-energy tensor.) We require that (i) 8T a b and 8j a 
vanish near infinity and (ii) the initial data for 8g a b and 5A a (and, hence, 
5T a b and d~j a ) vanish in a neighborhood of the horizon TC on So — so that at 
the initial "time", So, the black hole is unperturbed. We assume that all of 
the matter and charge eventually fall into the black hole, and that the black 
hole eventually settles down to another stationary black hole solution of the 
source free Einstein-Maxwell equations. Our goal is to compute 8M, 8 J, 8Q, 
and 8 A for the final state black hole and verify that eq.(^j) holds. 

Since the perturbation vanishes near the internal boundary <9So of the 
initial hypersurface, it follows immediately from eq.(|3^) (or equivalently, from 
eqs. (|) and @) that the perturbed spacetime satisfies 

8M - n H 8J = - [ e dabc {C8T d e + A e £ e 8f) (35) 

-/So 
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Thus, the perturbed mass and angular momentum of the final black hole will 
satisfy this relation. In terms of the current, a, 

a a = + Ab £b 5j a ^ 

(see eq.flTTj) and eq.([J2|)), we have 

5M-n H 5J= [ a d n d l abc (37) 

where n a denotes the future-directed unit normal to S and e abc = n d e da b c - 
Using the conservation of a a and our assumption that all of the matter 
eventually falls into the black hole, we can rewrite eq . (|37D asQ 

5M-n H 5J= I a d k d e abc (38) 
Jh 

where k a is tangent to the affinely parametrized null geodesic generators of 
the event horizon, H, of the unperturbed black hole and e abc satisfies 

-^abcd = —k[ahcd] (39) 

The second term in a a in eq.(|36|) yields a contribution to the integral in 
(38) of the form 

/ = - / ^Sj d k d i abc (40) 



H 



where we have written $bh = — (£ a Ai)|w- However, $bh is constant over the 
horizon of the black hole pop, as can be seen as follows. We have 



= C ( A a + eF ab (41) 

But C^A a vanishes since £ b is symmetry of the background solution. Fur- 
thermore, by the Raychauduri equation (see e.g. [PUD 

^ = -\e 2 - Oab<y ab - Rabk a k b (42) 



5 In fact, eq . (|38|) should hold for the black hole final state even if all of the matter and 
charge do not eventually fall into the black hole, with SM and S J being the perturbed 
mass and angular momentum of the black hole — which no longer equal the perturbed mass 
and angular momentum of the spacetime because of the presence of matter outside of the 
black hole. 
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(where V denotes the affine parameter corresponding to k a ) together with 
the fact that the expansion, 9, and shear, a ab , vanish in the stationary back- 
ground, we have 

= [T EM ]a b k a k b \ n = F ac F b c k a k b (43) 

Consequently, F ab k a is null, and since F a bk a k b = by the antisymmetry of 
F a b it follows that F a bk a is proportional to k b - Hence, the pullback of F a bk a 
to 7i vanishes. Thus, the pullback of V a $bh to TC also vanishes, i.e., $bh is 
constant on H, as we desired to show. Consequently, we have 



I = -$bh / Sfk d e abc 

= $ bh 5Q (44) 

where 5Q denotes the net flux of charge into the black hole. From eqs. fl3"gp, 
(H) and (H), we obtain 

6M-n H 6J-$ hh 5Q= [ ST d e Ck d (45) 

Jn 

We now compute the change in area of the black hole. To simplify the 
calculation, we use our diffeomorphism freedom in identifying the perturbed 
spacetime with the background spacetime to make the null geodesic gen- 
erators of the event horizon of the perturbed black hole coincide (as un- 
parametrized curves) with the null geodesic generators of the unperturbed 
stationary black hole. As a result of this gauge choice, the perturbation in 
the location of the horizon vanishes, and we have 5k a cx k a . The perturbed 
Raychaudhuri equation (f4~2D yields 



^ = -8nS([T tot ^ ab k a k b )\ n 

= -87r5([T EM } ab )k a k b \ n -8n(5T ab )k a k b \ n (46) 

where we have used the fact that \T-EM\ ab k a k b \-}-i = (see eq.(|3|)) together 
with 5k a oc k a to eliminate such terms as [TEu\abk a 5k b . However, we have 

6([T EM U)k a k b \ H = (2F ac 5F b c - ^5g ab F de F de - ^g ab F de 5F de )k a k b (47) 
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The last two terms vanish since k a is null in both the perturbed and unper- 
turbed spacetimes. On the other hand, we showed above that F ac k c oc k a , so 
F ac 5Fb C k a k b oc 5Fb c k b k c = by antisymmetry of 5F\, C . Thus, we obtain 

^ = -87r8T ab k a k b \ n (48) 
A calculation identical to that given in then yields 



k5A = 8tv I 5T d e Ck d (49) 

H 



Substitution of this result into eq. (|45|) then yields eq.(@), as we desired to 
show. 



4 The thermal atmosphere around a black 
hole 

The remainder of this paper will be devoted to analyzing the validity of the 
generalized second law (GSL) for processes in which some (possibly charged) 
matter is quasi-statically lowered toward a (possibly charged and rotating) 
black hole and then released. In this section, we will state our assumptions 
about the thermal atmosphere surrounding the black hole and derive certain 
properties of it. 

An isolated black hole would continuously emit Hawking radiation to in- 
finity, and quantum fields around the black hole cannot come to thermal 
equilibrium. However, thermal equilibrium should be possible if the black 
hole is enclosed in a box. Nevertheless, even for an uncharged and nonrotat- 
ing black hole, this equilibrium will be unstable unless the box enclosing the 
black hole is sufficiently small |22| . For a rotating black hole, a more serious 
problem occurs: There cannot exist a thermal equilibrium state of quantum 
fields outside the black hole unless the black hole is enclosed in a box that 
is sufficiently small that the horizon Killing field £ a , eq. (|34]) , is timelike ev- 



erywhere within the box f23fl . Similarly, for a charged black hole, thermal 
equilibrium of a charged field outside the black hole would not be possible 
unless the box is sufficiently small that the electrostatic potential differences 
inside the box are insufficient to permit pair creation. In the following, we 
will restrict consideration to the case where we have a (possibly charged and 
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rotating) black hole enclosed in a sufficiently small boxf] that the quantum 
fields outside of the black hole are in a thermal equilibrium state with respect 
to the notion of "time translations" provided by the horizon Killing field £ a . 

We shall refer to observers following orbits of £ a , i.e., observers with 4- 
velocity 

u a = £ c ) 1/2 (so) 

as stationary observers. We shall assume that the thermal atmosphere ad- 
mits a local thermodynamic description with respect to stationary observers. 
There is a natural ground state of the quantum field associated with £ a f21 |, 



Q, which we shall refer to as the Boulware vacuum state. It would be natu- 
ral for stationary observers to consider the non-electromagnetic stress-energy 
tensor T ab and charge-current j a relative to the Boulware vacuum, so we de- 
fine 

Tab = Tab - (T )ab (51) 



f = f-J a o (52) 

where (T ) a b and jo denote, respectively, the (true, renormalized) non-electromagnetic 
stress energy and charge- current of the Boulware vacuum state. 

It will be assumed that in thermal equilibrium, the non-electromagnetic 
energy current and the charge current j a relative to the Boulware vac- 

uum state are proportional to £ a . We also shall allow for the possibility 
that other locally defined conserved currents (cr,) a may exist — such as, e.g., 
the number currents of various species of particles that represent additional 
conservation laws beyond conservation of charge. We also shall assume that 
in thermal equilibrium the corresponding currents (<7j) a measured relative to 
the Boulware vacuum state are proportional to £ a . Consequently, in thermal 
equilibrium, the above currents can be characterized, respectively, by the en- 
ergy density p = T a bU a u b , the charge density q = —j a u a , and the quantities 
Aj = — (ai) a u a , all measured relative to the Boulware vacuum state. 

It also will be assumed that in local thermal equilibrium the stationary 
observers would assign an entropy current s a to the thermal atmosphere, 

6 Note that if the black hole were enclosed in a box that was large enough for £ a to 
become spacelike and/or allow a large electrostatic potential difference, the black hole 
would presumably simply lose angular momentum and/or discharge until the quantum 
fields outside the black hole could reach a thermal equilibrium state. 
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which also will be assumed to be proportional to £ a , so that it also can be 
described by the entropy density s = —s a u a , relative to the Boulware vacuum 
state. We explicitly allow for the possibility that some "renormalization" of 
entropy may occur pjf] , so that the "true" entropy density, s, of the thermal 
atmosphere is given by 



where so is the (true) entropy density of the Boulware vacuum. It would 
appear that such a renormaliztion of entropy must occur to avoid a divergence 
in the contribution of the thermal atmosphere to the total entropy due to s 
becoming arbitrarily large near the horizon. 

We will assume that p, q, and A, serve as "state variables" that charac- 
terize the local thermodynamic state, so that the entropy density, s, can be 
expressed SIS db function of these state variables 



However, it should be emphasized that we make no assumptions about the 
explicit functional form of s. 

The renormalized non-electromagnetic stress energy, T a b, and charge- 
current, j a , of the thermal atmosphere will, of course, perturb the spacetime 
metric, g a b, and electromagnetic field, A a , around the black hole. These per- 
turbations of g a b and A a will, in turn, affect the distribution and properties of 
the thermal atmosphere. However, for a macroscopic black hole (i.e., a black 
hole of mass much greater than the Planck mass), T a b and j a will be small 
compared with scales set by the background curvature, and we shall assume 
that they can be treated as linear perturbations of the classical electrovac 
black hole spacetime. In particular, we will assume that the formulas of sec- 
tion 2 apply for the contribution of the thermal atmosphere to the total mass 
and angular momentum of the spacetime. The effects of the perturbations of 
g a b and A a on the thermal atmosphere would then be of second and higher 
order, and therefore will be neglected. 

In the following, we shall consider the effects of perturbing the state of the 
thermal atmosphere to a nearby state that is locally in thermal equilibrium. 
In accordance with the remarks in the previous paragraph, we shall neglect 
the effects of the resulting perturbations of g a b and A a when calculating the 
changes in the renormalized T a b and j a of the thermal atmosphere caused 
by the perturbation of its state. We shall similarly neglect the effects of 



s = s + s 



(53) 



s = s(p, q, Xi) 



(54) 



16 



these perturbations of g a b and A a when calculating the changes in T ab and 
j a . In view of eqs.(^) and (|52|), this additional assumption amounts to 
assuming that the perturbations of (To) a b and jg are small compared with 
the perturbations of and j a . Similar remarks apply to {(Ji) a and (5"j) a . 
Finally, we also shall neglect the effects of the perturbations of g a b and A a 
when calculating the changes in s a and s a . 

We now consider perturbing the state of the thermal atmosphere to a 
nearby state that is locally in thermal equilibrium, characterized by the state 
variables p + 5p, q + Sq, A« + 5Xi. Variation of eq.(^4j) yields the local form 
of the ordinary first law of thermodynamics 

5s = ^5p + ^5q + 7i<*Ai (55) 

i 

where the temperature, T, and the potentials \1/ and 7, are defined by appro- 
priate partial derivatives of s with respect to the state variables. In a small 
volume, V, the locally measured energy relative to the Boulware vacuum is 
U = pV, and we similarly have Q = qV, and A, = AjV. Hence, we obtain 

SS = 5{sV) 

= V[^5p + mq + ^2ji5Xi\+S5V 

i 

i i 

We interpret the coefficient of SV in this formula as P/T, where P denotes 
the pressure of the thermal atmosphere relative to the Boulware vacuum. We 
thereby obtain the integrated form of the Gibbs-Duhem relationship for the 
thermal atmosphere: 

p = T~s - p - mq - T li^i (57) 

i 

Since only differences are taken in eq.(f)5|), the ground state contribu- 
tions cancel out because, as discussed in the previous paragraph, we neglect 
changes in the ground state quantities. Therefore, eq.(^) also holds for the 
true, renormalized quantities, i.e., 

5s = ^5p + ^5q + J2 7^Ai (58) 
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In the following, we will work with the true, renormalized quantities. 
As discussed above, the contribution, 

E = M~n H J (59) 

of the thermal atmosphere to the total "energy" conjugate to £ a of the space- 
time is given by (see eq.(|33|)) 

E = - ^e ebcd (CT e a + CA a f) (60) 

Similarly, the contribution of the thermal atmosphere to the total electric 
charge is 



Q = / e ebcd f (61) 
Jt, 

and its contribution to the globally conserved quantities, Aj, associated with 
{<n) a is 

Ai = J e ebcd (°i) e (62) 

If the state of the thermal atmosphere is perturbed, variation of the above 
formulas yields 

5E = 5M - Q H 5J = - [ e ebcd (CST e a + ?A a 5j e ) (63) 

Jt. 

SQ= [ e ebcd 8f (64) 



E 



5Ai = / e ebcd S(ai) e (65) 



E 



However, since as discussed above, we have 5T ab = 5T ab , 5j a = 5j a , and 
<5(cTj) a = <5(5"j) a and since the "tilded" currents have been assumed to be 
proportional to £ a , we may rewrite eqs. (|Blf )-(|65D as 



SE = SM- tt H 5J = f {xSp - i a A a 5q) (66) 
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5Q= 6g (67) 



6Ai = / SX 



where S denotes the manifold of orbits |26| of £ a with the natural volume 
element e a bc = £dab c u d on H understood. In eq.(|66"D, the "redshift factor" x is 
defined by 

x = (-CQ 1/2 (69) 

We now impose the assumption that the thermal atmosphere is in ther- 
mal equilibrium with itself. More precisely, we assume that at fixed total 
"energy", E, fixed total charge, Q, and fixed Aj, the total entropy S = f~s 
is maximum. In order for this to be the case, it is necessary for S to be an 
extremum with respect to all first order variations that preserve the above 
constraints. We have 

5S = I 5s 



= f[^5p + m q + J2^i] (70) 

, ' s i 

The necessary and sufficient conditions for SS to vanish for all variations Sp, 
Sq and 5Xi satisfying 5E = 5Q = 5Ai = can be determined as follows. If 
we set 5q = 5Xi = (so that we automatically satisfy SQ = 5Ai = 0), we 
see that by a suitable choice of 5p we can make 6S ^ while preserving the 
remaining constraint 5E = unless the temperature, T, obeys the Tolman 
law 

T = T /x (71) 



where To is a constant. The first term in eq. ([70|) can then be written as 



^5p = jr I xSp 



^ + ^ / CA a 5q (72) 
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Substituting this into eq.flTO]), we find that by a suitable choice of 5q we can 
make 5S 7^ unless \1/ is of the form 

vf = --UfMa + $o) (73) 

where $o is a constant. Finally, it is easily seen that extremization of 5* 
under the constraints requires each 7, to be constant[], 

Ji = loi (74) 



It is easily seen that eqs.(|7T|), ([73]), and ( [74]) are also sufficient for S to be an 
extremum. 

Finally, taking eqs.(|71]), ([73|), and ( |74|) into account in eq. ([70]) , we see 
that for a perturbation that does not necessarily preserve E, Q, or A i; the 
change in the total entropy, S, of the thermal atmosphere is given by, 

6S = [[£6p-±(eA a + * )6q + T l >y bi 6X i ] 

= -^£-$o<*<2)+y>o^Ai] 

= ^(8M-n H dJ-^ 8Q)+y /loi dA i ] (75) 

Eq. (|7J^) is the "global form" of the first law of thermodynamics for the ther- 
mal atmosphere. Note that our above analysis and results are applicable to 
any thermodynamic system that is locally "at rest" with respect to a time- 
like Killing field £ a , i.e., we did not use any special properties of the thermal 
atmosphere to derive eqs. (|7l[) , (|73|) , ([74]) , or (|75|) , although in our formula 
for E, we did assume that the non-electromagnetic stress-energy, T ab , and 



7 If the conserved current (tXi) Q corresponds to a particle number current of a neutral 
particle, then Aj can be varied independently of Q and the other particle species. The 
chemical potential, /i^, of this species would then be given in terms of 7, by = —T^/i. 
Taking eq.([n]) into account, we see that the behavior of the chemical potential corre- 
sponding to eq.(|74|) is /i^ = — To7oi/x- If (o"i) a is the particle number current of a charged 
particle, then a variation of holding the number of other particle species fixed requires 
a corresponding variation of Q. The chemical potential for a species of charged particles 
would be given by [ii = (—TojQi + e^o + £, a A a ])/x, where e; denotes the charge per 
particle of this species. 
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charge- current, j a } could be treated as a linear perturbation of an electrovac 
spacetime. 

We now impose our assumption that the thermal atmosphere is in thermal 
equilibrium with the black hole, i.e., that the total generalized entropy, Sq = 
S + Sbh, °f t ne combined black hole/thermal atmosphere system is at its 
maximum possible value for the given values of the combined mass, Mq = 
M + M bh , angular momentum, J c = J + J bh , and charge, Qc = Q + Qbh, of 
the total system. By the first law of black hole mechanics, we have 

SS hh = ^(SM hh - Q H 6 J bh - $ hh 5Q hh ) (76) 

Comparing eqs.(|75|) and (|76|), we see that Sq will be an extremum under 
interchange of mass, angular momentum, and charge between the thermal 
atmosphere and the black hole if and only if we have 

T = T H (77) 



$o = $bh (78) 

and 

7oi = (79) 

Note that the vanishing of 7o« is essentially a consequence of the "no hair 
theorems": Although for matter (including the thermal atmosphere) there 
may be locally conserved currents (cxj) a aside from mass, angular momentum, 
and charge, there is no global conservation law for these quantities when a 
black hole is present, since the "charges" Aj can fall into the black hole, which 
retains no "memory" of them. If the charge Aj corresponds to the number of 
particles of a particular species, then the chemical potential for that species 
(see footnote 0) is given by 

to = e l (^ hh - $)/x (80) 

It follows from eq.(^TJ) that /ij vanishes on the horizon of the black hole, as 



had previously been claimed in JT6] 



Taking into account the above relations, we find that the integrated 



Gibbs-Duhem relation (57) for the thermal atmosphere now takes the form 



X P = T H s-x~p-^-^)q (81) 
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We also note that the combined black hole/thermal atmosphere system sat- 
isfies 

SS C = ^(8M c -n H 8J c -^ hh SQ c ) 

= ^r{5E c -^5Q c ) (82) 

5 Lowering process 

In this section, we will consider a process in which a box containing charged 
matter is quasi-statically lowered toward the black hole and then dropped into 
the black hole or otherwise allowed to thermalize with the black hole/thermal 
atmosphere system. The box will be assumed to be "perfectly insulating", 
i.e., the walls will be assumed to be perfectly reflecting with respect to the 
fields inside and outside of the box. However, as will be discussed further 
below, the walls of the box will necessarily radiate energy, charge, etc. into or 
out of the box as the box is lowered |7[] . We make no assumptions concerning 
the size, shape, or contents of the box other than that its size is small com- 
pared with that of the black hole and that its contents satisfy the ordinary 
thermodynamic laws (see below). In particular, we do not make the "thin 
box" approximation [0, nor do we even assume that the walls of the box are 
rectangular in shape. 

The process under consideration consists of two distinct stages: (1) A 
quasi-static process in which the box is slowly lowered toward the black 
hole. In this process, work may be done by an external agent, so that the 
total energy contained in the box/black hole/thermal atmosphere system may 
change. (2) A non-quasi-static process in which the box is dropped into the 
black hole or otherwise destroyed, and the system is allowed to thermalize. 
No change in the total energy or charge of the complete system occurs in this 
stage. We will argue that the total generalized entropy, S', cannot decrease 
in either of these stages. 

Consider, first, the quasi-static lowering process. At any given time dur- 
ing this process, the total generalized entropy, S' of the system can be written 
as 

S' = Sb + 5c — Sd (83) 

Here, Sb denotes the total entropy contained in the box, and Sc denotes 
the total entropy that the combined black hole/thermal atmosphere system 
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would have at the given values of T# and $bh if the box were not present. 
Finally, Sd denotes the entropy of the displaced thermal atmosphere, i.e., 
the entropy that would have been contained in the thermal atmosphere (at 
the given values of T# and <3>bh) within the region occupied by the box. 

We now focus attention on Sb- It is instructive to consider, first, the case 
where the box initially is "empty", i.e., the initial state of the fields inside 
the box is the natural vacuum/ground state relative to the notion of time 
translations defined by £ a (see p4|). Then, we claim that if the lowering 



process is sufficiently slow, no "particle creation" will occur as the box is 
lowered, and the box will remain in its ground state. In other words, an 
empty box will remain empty as it is quasi-statically lowered. By definition, 
the Casimir energy of the box is the difference between the energy contained 
in the empty box and the energy that would be contained in the Boulware 
vacuum in the region of space occupied by the box. (Recall here that by 
"energy" , E, we mean the conserved quantity conjugate to the horizon Killing 
field £ a rather than the asymptotic time translation t a , i.e., E = M — VLhJ 
(see eq.fl5"9|) above).) If we neglect possible changes in the Casimir energy of 
the box as it is lowered, it follows that in the lowering process for an empty 
box, we have 



AE B = AE (84) 

where AE B denotes the difference in the energies contained in the box at two 
stages of the lowering process, and AE denotes the difference in the Boul- 
ware vacuum energies in the corresponding volumes. Here we have written 
"A" rather than "5" to emphasize that we are taking differences of quantities 
associated with different regions of space rather than differences of quantities 
associated with the same region of space, as in the previous section. 
Similarly, the total charge Qb within the empty box satisfies 

AQ B = AQ (85) 

It should be noted that changes in the charge contained within the box can 
occur only as a result of radiation by the walls of the box. However, this 
radiation by the walls of the box is independent of the contents of the box. 
Therefore, in all cases (i.e., whether or not the box is empty), the change in 
the charge of the box as it is lowered is given by eq. flS5|) . However, eq.(j84]) 
holds only for the empty box, since the total energy contained within the 
box can vary due to redshifting of the energy of the contents of the box as 
well as by radiation by the walls of the box. 
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Now suppose that the box is initially filled with (possibly charged) matter 
that is in thermal equilibrium. As the box is lowered, the matter will, in 
general, redistribute itself within the box due to the changing electromagnetic 
and gravitational fields. However, if the box is lowered sufficiently slowly, the 
matter will remain in thermal equilibrium as it is lowered. Observers inside of 
the box will view the process as being isentropic for the same reason as slow 
variations of parameters in the Hamiltonian result in isentropic processes in 
flat spacetime physics. Thus, the entropy above the ground state must remain 
constant^ as the box is lowered. Taking into account the possibility that the 
ground state entropy is nonzero due to "renormalization" as discussed in the 
previous section, we see that in a slow lowering process where the matter 
is initially in thermal equilibrium, we have ASb = ASq, where Sq denotes 
the entropy of the Boulware vacuum in the region occupied by the box. 
Equivalently, we have ASb = 0, where in accord with the notation of the 
previous section, Sb = Sb — So. 

Finally, suppose now that the box is initially filled with arbitrary matter, 
not necessarily in thermal equilibrium. Then, as the box is lowered, the 
matter may (partially or fully) thermalize. Observers inside the box will see 
an increase — or, at least, a non-decrease — of entropy relative to the ground 
state during the lowering process for the same reason that the ordinary second 
law of thermodynamics holds in flat spacetime physics. Consequently, we 
conclude that whatever is initially placed inside the box, we have 

AS B = AS B - AS > (86) 

during the lowering process. 

We now turn our attention to the calculation of the change, ASc, in Sc 
during the lowering process. By eq.(p2|), we have 

AS C = SS C = ^(SE C - $ hh 6Q c ) (87) 

so we need to calculate the energy, 5E C , and charge, 5Qc delivered to the 
black hole/thermal atmosphere system during the lowering process. The 
total charge of the entire system is 

= Qb + Qc - Qd (88) 

8 This result also can be derived from energy balance considerations, as outlined in 
footnote 2 of |Tq| . However, this argument assumes that no "extra energy" (i.e., "heat") 
is fed into or taken out of the box as it is lowered, and thus, in essence, assumes that the 
lowering process is isentropic. 
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so by conservation of charge, we have 



5Q C = -AQ B + AQ D (89) 

We already found above that AQ B = AQ (see eq.fl35|)), so we have 

5Q C = -AQ + AQ D = AQd (90) 

To calculate SEq, we note that this quantity cannot depend upon what 
is placed inside the box during the lowering process, so it suffices to restrict 
attention to the case where the box is empty. In that case, the change in 



total energy inside the box is given by eq . fl84|) , so by conservation of energy, 
we have 

SE C = W - AE + A Ed = W + AE D (91) 

where W denotes the work done by the external agent during the lowering 
process. We calculate W as follows. As shown in the Appendix, the net force 
F a exerted by an external agent at redshift Xo on a stationary box whose 
size is much smaller than the scales set by curvature is given byf] 

Xo F a = e a [ X Pe b n b dA (92) 

JdB 

Here e a denotes the unit "upward pointing" tangent to the string (defined 
over the volume of the box via parallel transport — see the Appendix for 
details) and n a is the unit outward pointing normal to the surface, dB, of 
the box in the manifold of orbits of £ a . If the box is lowered, the work done 
by the external agent during the lowering process is 

W = -xoj (F^a^dl = - J X Pe a n a dAdl (93) 

where I denotes proper length along the path of lowering in the manifold of 
orbits. Equation ( |9"3"D is easiest to analyze in the case of a rectangular box 
with "top" and "bottom" faces perpendicular to e a . In that case, eq.(p3|) 
corresponds to performing a volume integral of \P over the spatial region 



9 Here we neglect any contributions of the Casimir energy and/or the walls of the box 
to p. These will not, in any case, affect the energy delivered to the black hole/thermal 
atmosphere system, provided that their locally measured stress-energy remains constant 
during the lowering process, so that eq.(|^) holds. 
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swept out by the top face of the box, and subtracting from it the similar 
integral over the spatial region swept out by the bottom face. The result is 



W — A X PdV (94) 



B 



where the integral is taken over the volume of the box, and A denotes the 
difference between the final and initial values of this integral in the lowering 



process. By a similar argument, it is not difficult to see that eq.(94j) remains 
valid for a box of arbitrary shape. 



We now apply the integrated Gibbs-Duhem relation (pi ) for the thermal 
atmosphere. We thereby obtain 

= T H AS D - AE B + $ bh AQ D (95) 

where the subscript D denotes quantities associated with the displaced ther- 
mal atmosphere and eq.(|66|) was used. Combining eqs.(|87|), (|9~0"D, (pl|), and 
fl9"5]), we obtain 

AS C = ^pc-«] 

= -L[W + AE D -<S> hh 5Q c } 

= AS D (96) 

Combining this equation with eqs.fl83|) and (p6|), we obtain 

AS' = AS B > (97) 

which shows that the generalized second law holds during the lowering pro- 
cess. 

Now, consider the "dropping process", i.e., we suppose that — after com- 
pletion of the above lowering process — the box is released and allowed to fall 
into the black hole (or that the box is destroyed and its contents are allowed 
thermalize with the black hole/thermal atmosphere system). We assume that 
at the end of this process, the final state of the system is that of a black hole in 
equilibrium with its thermal atmosphere. Although the "dropping process" 
is a highly nonequilibrium process and we cannot analyze the time evolution 
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of the total entropy during this process, it is clear that if the second assump- 
tion of section 1 holds, the total generalized entropy, S', cannot decrease in 
this process. Namely, during the "dropping process" the total mass, angular 
momentum, and charge of the system remain constant. However, assumption 
(2) asserts that the final state maximizes the total generalized entropy at the 
given values of total mass, angular momentum, and charge. Therefore, the 
initial state could not have had more generalized entropy than the final state. 

Consequently, under the assumptions stated in section 1 as well as our as- 
sumptions about the thermodynamic properties of the thermal atmosphere 
stated in section 4, the GSL cannot be violated in any quasi-static lower- 
ing/dropping process. 



6 Concluding remarks on the validity of the 
GSL 

In this paper, we have established the validity of the GSL in arbitrary quasi- 
static lowering/ dropping processes for charged and rotating black holes, with- 
out the need to assume any entropy bounds for matter. Our analysis depends, 
primarily, only on the two very general assumptions stated in section 1. It 
thereby generalizes and simplifies previous analyses of such processes. 

However, it should be noted that during the course of our analysis, we 
made several simplifying assumptions concerning the thermodynamic prop- 
erties of the thermal atmosphere. In particular, it was assumed that station- 
ary observers would (i) assign a locally homogeneous entropy density s to 
the thermal atmosphere that is valid on all relevant scales and (ii) that s is 
a function only of p, q, and Aj. The first assumption need not be valid if 
one considers boxes whose size is small compared with the wavelength of the 
ambient thermal atmosphere (see ||10|). The second assumption could fail 



because the formula for s might also depend nontrivially upon "location in 
the gravitational field" (e.g., depend upon the local value of the curvature 
and/or derivatives of £ a ). 

In this concluding section, we wish to argue that if the breakdown of any 
such simplifying assumptions about the thermal atmosphere were to allow 
one to violate the GSL, they also would allow one to violate the ordinary 
second law. Specifically, suppose that — on account of, say, the breakdown of 
assumptions (i) or (ii) of the previous paragraph — it were possible to violate 
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the GSL in a quasi-static lowering/dropping process. Since the validity of 
the GSL during the "dropping" phase does not depend upon any simplifying 
assumptions about the thermal atmosphere, it follows that a violation of the 
GSL must occur in the lowering phase. Now, in the lowering phase, the box 
will stay some finite distance, e, outside of the horizon of the black hole. 
Then, it should be possible, in principle, to construct a (charged and rotat- 
ing) shell with a perfectly reflecting surface whose exterior gravitational and 
electromagnetic fields are coincide with those of the black hole at distances 
greater than e from the horizon. We can enclose this shell in a cavity of 
the same size as used for the black hole and then fill this cavity with "real" 
thermal radiation in such a way that its temperature is T H /x, its potential 
$o is equal to $bh and the potentials 7oi are equal to zero. (This can be 
accomplished by supplying the atmosphere with the appropriate amounts of 
energy, charge, and other conserved quantities.) There may be slight dif- 
ferences between the properties of the thermal atmosphere of the black hole 
and those of the "real" atmosphere around the shell that we have put in "by 
hand" on account of slight differences between the ground states and modes 
in the two cases. However, these differences can be made arbitrarily small by 
choosing the radius of the shell to be arbitrarily close to the horizon radius 
of the black hole. 

Now, the analysis of lowering process given in the previous section ap- 
plies without change to a lowering process where the black hole/thermal 
atmosphere system is replaced by the shell surrounded by a "real" atmo- 
sphere, provided that the subscript "C" is now interpreted as referring to the 
"real" atmosphere around the shell. The values of Sq, Eq, etc. may be very 
different for the "real" atmosphere around the shell as compared with the 
black hole/thermal atmosphere system, but the variations of these quantities 
during the lowering process will be the same (provided that the radius of the 
shell is sufficiently close to the horizon radius of the black hole). It follows 
that if a lowering process that decreases the total generalized entropy can be 
done in the black hole case, a corresponding lowering process in the case of 
the shell will decrease the total ordinary entropy. Thus, if the GSL can be 
violated, then a corresponding process will violate the ordinary second law. 
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A Appendix: Force exerted on a stationary 
box 



In this Appendix, we consider a stationary (but not necessarily static) space- 
time, with timelike Killing vector field £ a . We consider a stationary box in 
this spacetime which is held in place by an agent who holds a massless string 
that is connected to the box (see Fig. 1). The box may be of arbitrary shape 
and may contain charged matter. An external electromagnetic field may be 
present and there also may be additional matter outside of the box (which 
may exert a "buoyancy force" on the box). We wish to calculate the force 
that the agent must exert on the "far end" of the string in order to hold the 
box in place under the following assumptions: 

We assume that the world sheet of the string is invariant under £ a , and 
has stress-energy of the form 

T ab = p e a e b (gg) 

where e a is a unit vector that is tangent to the world sheet of the string 
and is orthogonal to £ a . (We choose the direction of e a to point "towards 
the agent", i.e., "away from the box".) This stress tensor corresponds to a 
massless string, which we consider for simplicity; it is straightforward to allow 
the string to have mass, but then the weight of the string would contribute 
to the force exerted by the external agent. The "P" in eq.(|9~8D is understood 
to be proportional to a delta-function on the world sheet of the string. We 
also assume that the string does not contain any electromagnetic charge or 
current. 

We decompose the stress-energy tensor of everything — including the con- 
tents of the box, the walls of the box, the string, and the matter outside of 
the box — into its electromagnetic and non-electromagnetic parts 

T?Li = T ab + (99) 

where denotes the stress tensor of the electromagnetic field (see eq.(|20"l)). 
We assume that the electromagnetic field is stationary 

C^A a = (100) 

This implies, of course, that and the electromagnetic charge-current 
vector, j a , also are Lie derived by £ a . We further assume that j a takes the 
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Figure 1: In a stationary spacetime, a box is held in place by an agent who 
holds a massless string connected to the box. The surface, C, enclosing the 
box and string is represented by the dotted line. 

form 

f = qu a =h a (101) 

where u a = £ a /x with x — (~ £ a £a)K i- e -? we assume that the charges are "at 
rest" (no current flow) with respect to the stationary observers. Similarly, 
we assume that the total non-electromagnetic stress-energy tensor, T ab , is 
stationary 

C-{T ab = (102) 

and we further assume that T a b takes the form 

T ab = pu a u b + t ab (103) 

with t a f } u a = 0, i.e., we assume that the non-electromagnetic stress-energy 
tensor has no "time-space" components (i.e., no momentum density) relative 



30 



to the stationary observers. Note that our assumptions concerning T ab are 
compatible with our assumed form of the stress-energy tensor of the string, 
eq.(p8|), which is included in T ab . 

It is convenient to work on the manifold, H, of orbits of £ a (see p6|). All 
tensor fields on M that are Lie derived by £ a and have all indices perpendic- 
ular to £ a have a natural projection to H, and we will not distinguish in our 
notation such spacetime tensors from their projections to H. In particular, 
S naturally acquires a Riemannian metric h ab given by 

kab = gab + U a U b (104) 

We denote by D a the derivative operator on E associated with h a b- Our final 
assumption is that the size of the box is small compared with the scales of 
curvature in the manifold of orbits. 

The string stress-energy Tg 6 , eq. fl98[) , must be conserved everywhere ex- 
cept at the endpoints of the string. This implies that e a must be a geodesic 
in spacetime, e b V b e a = 0. It follows immediately that e b Dbe a = 0, i.e., the 
projection of the string to the manifold of orbits, 2, is a geodesic in the 
manifold of orbits. We now choose a surface C in H which encloses the box 
and string in the manner shown in Fig. 1. We extend the definition of e a to 
the interior of C by parallel transport (with respect to D a ) along geodesies 
(with respect to D a ) starting from the point at which the string is attached 
to the box. (Note that since the size of the box has been assumed to be small 
compared with scales set by curvature, parallel transport over the box will 
be essentially path independent in any case.) 

Conservation of the total stress energy, eq. (|99|) , yields 



= V fe T- al 

= V b (pu a u b ) + V b t ab + V 6 T^ 

= pu b V b u a + V b t ab - F ab Jb (105) 

where we have used u b V b p = and V b u b = in the last line. Since u a = £ a / x, 
we obtain 

u b V b u a = -D a X (106) 

X 
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On the other hand, 



F ab j b = (V a A b -V b A a )^ b 

X 

X 



X 

where $ = — A a ^ a . Thus, we obtain 



~D a $ (107) 



= —D a X + V b t ab + -D a § (108) 



X X 
We now contract this equation with e a , using 

e a V b t ab = V b (e a t ab )-t ab V b e a 



= -D b ( X e a t ab )-t ab D b e a (109) 
X 

Here we have used the identity 

V b v b = -D b ( X v b ) (110) 

X 

that holds for any vector field v a in the class that projects to S, and we also 
changed V& to D b in the second term since t ab has both indices perpendicular 
to £ a . We thus obtain, 

= pe a D aX + qe a D a $ + D b [ X t ab e a ] - X t ab D b e a (111) 

By construction, D b e a vanishes at the point where the string is attached 
to the box. If the geometry of H were flat, then D b e a would vanish identically 
throughout the box. Since the geometry of 5 is not flat, D b e a is, in general, 
nonvanishing. However, its magnitude is bounded by the size of the box 
times the curvature of H. Therefore, for a box whose size is small compared 
with the scales set by the curvature of S, the last term in eq.( |lll| ) will be 
negligible compared with the other terms in that equation. Therefore, we 
shall drop this term. 

Integrating the remaining three terms in eq.( lll ) over the volume, V, 
enclosed by C and using Gauss's law, we obtain 

0= / [pe a D aX + qe a D a <S>}+ [ X t ab e a n b dS (112) 
Jv Jc 
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where the natural volume elements (with respect to h ab ) on V and C are 
understood, and n a is the unit, outward pointing normal to C . We now 
"shrink C down" so that it just barely encloses the box and string. In this 
limit, the volume integral receives no contribution from the string (since we 
assume that p = q = on the string), and the surface term also receives no 
contribution from the portion surrounding the string (since the area of this 
portion goes to zero), except for the contribution J \P = Xo J P arising from 
the endpoint of the string held by the external agent, where xo denotes the 
value of x at this endpoint. Since F a = — e a f P is just the force that the 
external agent must exert to counterbalance the tension/pressure of the string 
and thereby hold the box in place, we obtain the desired general expression 
for the force needed to hold the box in place, 

Xo F a = e a Qf [pe b D bX + qe h D b <$>] + X t cb e c n b dS^ (113) 

where the volume integral is now taken over the box, B, and the surface 
integral is taken over the boundary of the box, dB. The first term in the 
volume integral can be interpreted as the "weight" of the contents of the 
box. Note that p includes only the non-electromagnetic energy density, i.e., 
neither the electromagnetic self-energy of charges within the box nor their 
interaction energy with external electromagnetic fields contribute to the first 
term. The second term is just the Lorentz force on the charge distribution 
in the box (including "self- force" effects). The final term corresponds to the 
buoyancy force exerted on the box by the matter surrounding the box. 

We now specialize this result to the case of a box held near a black hole, 
which is surrounded by the thermal atmosphere of the black hole. In this 
case, we take £ a to be the horizon Killing field, eq. (|34|) . However, there is 
no reason to expect the true, renormalized charge- current, j a , will be of the 
form ( |101| ) nor do we expect the renormalized nonelectromagnetic stress- 
energy tensor, T ab , to be of the form (|103|) , since the charge- current and 
stress-energy of the Boulware vacuum would not be expected to have this 
form. However, it seems reasonable to expect that the differences, j a and T ab , 
between the true charge-current and stress-energy and those of the Boulware 
vacuum (see eqs. (|5T|) and fl52|) above) will have this form. Now, the total 
stress-energy, (T )^ tal , of the Boulware vacuum must be conserved, so T t ^ al 
also is conserved. If treat both T^m an d (^o)em as small perturbations of 
the electromagnetic stress-energy tensor of the black hole (so that only linear 
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terms in the deviation from the background black hole electromagnetic stress- 
energy are kept), then a repetition of the steps in the above derivation shows 
that in this case, eq. (|113| ) continues to hold, provided only that p, q, and t ab 
are replaced by their "tilded" counterparts, i.e., we have 

Xo F = / \pe a D aX + qe a D a $] + [ X i ab e a n b dS (114) 

JB JdB 

where F = F a e a and $ = —A a ^ a with A a is the vector potential of the 
background black hole. 

Finally, for the case where the thermal atmosphere surrounds the box, 
T ab outside of the box will have a perfect fluid form, so eq.( 114 ) further 
simplifies to 

Xo F = / [pe a D aX + qe a D a §] + I X Pe a n a dS (115) 

J B JdB 

For the case of an empty box (p = q = 0), we obtain eq.(^) used in our 
analysis in section 5. 
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